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Abstract
Let Ed(x) denote the “Euler polynomial” x2 + x + (1 − d)/4 if d ≡ 1 (mod 4) and x2 − d if d ≡
2,3 (mod 4). Set Ω(n) to be the number of prime factors (counting multiplicity) of the positive integer n.
The Ono invariant Onod of K = Q(
√
d ) is defined to be max{Ω(Ed(b)): b = 0,1, . . . , |Δd |/4−1} except
when d = −1,−3 in which case Onod is defined to be 1. Finally, let hd = hk denote the class number
of K . In 2002 J. Cohen and J. Sonn conjectured that hd = 3 ⇔ Onod = 3 and −d = p ≡ 3 (mod 4) is a
prime. They verified that the conjecture is true for p < 1.5×107. Moreover, they proved that the conjecture
holds for p > 1017 assuming the extended Riemann Hypothesis. In this paper, we show that the conjecture
holds for p  2.5 × 1013 by the aid of computer. And using a result of Bach, we also proved that the
conjecture holds for p > 2.5 × 1013 assuming the extended Riemann Hypothesis. In conclusion, we proved
the conjecture is true assuming the extended Riemann Hypothesis.
© 2007 Elsevier Inc. All rights reserved.
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Let K = Q(√d ) be an imaginary quadratic field and {1,ωd} be an integral basis of the ring
of integers Od = OK of K , where ωd =
√
d if d ≡ 2,3 (mod 4) and ωd = (1 +
√
d )/2 if
d ≡ 1 (mod 4). Denote the discriminant Δk of K by Δd . So Δd = d if d ≡ 1 (mod 4) and
Δd = 4d if d ≡ 2,3 (mod 4). Let
Ed(x) =
{
x2 + x + (1 − d)/4, if d ≡ 1 (mod 4);
x2 − d, if d ≡ 2,3 (mod 4).
Thus Ed(x) is the minimal polynomial of −ωd over Q. Set Ω(n) = ∑mi=0 ai , where n =∏m
i=0 p
ai
i . The Ono invariant Onod of K is defined to be max{Ω(Ed(b)): b = 0,1, . . . , |Δd |/
4 − 1} except when d = −1,−3 in which case Onod is defined to be 1. Finally, let hd = hk
denote the class number of K .
In 1772, Euler observed that the quadratic polynomial x2 + x + 41 takes prime values for the
consecutive values x = 0,1,2, . . . ,39. He also found that a similar phenomenon occurs for the
polynomials x2 +x+q , if q = 2,3,5,11,17. In 1912 Frobenius [5] discovered that this happens
whenever the corresponding quadratic field Q(
√
1 − 4q ) has class number one. The following
year, Rabinowitch proved that the two phenomena are equivalent, i.e.
Theorem 1. (See [7].) Let d be a negative integer, then hd = 1 ⇔ Onod = 1.
In 1986, Sasaki proved the following two results.
Theorem 2. (See [8].) hd = 2 ⇔ Onod = 2 for all negative integers d .
Theorem 3. (See [8].) hd Onod for all negative integers d .
In 2002 J. Cohen and J. Sonn got the following corollary and gave a conjecture.
Corollary 4. (See [4].) hd = 3 ⇒ Onod = 3 for all negative integers d .
Conjecture 5. (See [4].) hd = 3 ⇔ Onod = 3 and −d is a prime p ≡ 3 (mod 4).
They verified the conjecture holds up to 1.5 × 107, and using a result of Bach [1] (which
assumes the extended Riemann Hypothesis), they proved that it holds for all −d being primes
p ≡ 3 (mod 4) greater than 1017.
In this paper, we first use a searching method to show that the conjecture holds for p ∈ [1,109].
And we prove that for p > 109, if p ≡ 7 (mod 8), then Onod > 3. Moreover we prove that if there
is an odd prime q  3
√
p
4 − 1, such that (−pq ) = 1, then Onod > 3. Thus we get a constructive
method to show that the conjecture holds for p ∈ [109,2.5 × 1013] by the aid of computer. In
the end, using another result of Bach [2], we proved that the conjecture holds for p > 2.5 ×
1013 assuming the extended Riemann Hypothesis. In a word, we proved the conjecture is true
assuming the extended Riemann Hypothesis.
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A module in K = Q(√d ) is a Z-module M generated by α,β ∈ K which are linearly inde-
pendent over Q, such a module M will be denoted by [α,β].
Lemma 6. (See [4].) If M is a module contained in OK , then M has a unique representation
[a, b + cωd ], where a is the least positive integer in M, and c is the least positive integer for
which there exists b ∈ Z such that b + cωd ∈ M , and b is chosen to satisfy 0 b < a.
Lemma 7. (See [6, p. 9].) A (nonzero) module M = [a, b + cωd ] is an ideal of OK if and only if
c divides both a and b and ac | N(b + cωd).
Note that if a module [a, b+ cωd ] is an ideal of OK , then [a, b+ cωd ] = (a, b+ cωd), where
the latter expression as usual denotes the ideal generated by a and b + cωd and the norm of the
ideal is ac. An ideal (a, b + cωd) is called primitive iff c = 1.
Definition 8. (See [4, p. 197].) Let pOK =∏gi=1 aeii be the decomposition of a prime p. We will
say that p is ramified if there is an ei which is greater than or equal to 2, otherwise we say that
p is unramified. Those prime ideals ai such that ei > 1 are called the ramified ideals of OK . We
will say p splits if g = [K : Q] and p is inert if g = 1 and e1 = 1.
Lemma 9. (See [4].) Let a be a nonzero ideal of OK , the following are equivalent:
(1) a is primitive,
(2) the additive group of OK/a is cyclic,
(3) there is no rational integer c > 1 dividing a in OK ,
(4) if a = pe11 · · ·perr is the prime factorization of a in OK , then p1, . . . ,pr are of degree one and
pairwise nonconjugate, and if pi is ramified, then ei = 1.
Thus by this lemma, we can get that if a is a primitive ideal and a is unramified over Q, then
as is also a primitive ideal, where s ∈ Z.
Lemma 10. (See [3, p. 245, part of Lemma 5.4.5].) Let Ii = aiZ + −bi+
√
Δd
2 Z (i = 1,2) be two
ideals, set s = (b1 + b2)/2, d = gcd(a1, a2, s), and let u, v, w be integers such that ua1 + va2 +
ws = d . Then we have
I1 · I2 = d
(











4ai (i = 1,2).
3. The searching method
By the definition of Ono invariant, we get that for all b < p/4 − 1, if the number of the
factors of Ed(b) = b(b+1)+ (p+1)/4 is more than 3, then Onod > 3. Therefore we can output
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number field. We can observe whether hd = 3 or not when Onod = 3. Moreover, the conjecture
requires p to be primes, so we might test prime on p first. This is the main idea of Algorithm 1.
We first test prime on p by five times of Miller tests, i.e. let the base a = 2,3,5,7,11. If p
is composite then consider next number p, otherwise factor E = b(b + 1) + (p + 1)/4 by trial
division and set the upper bound to be 541. If the number of factors of E is more than 3, then it
implies Onod > 3. However, if for every integer b ∈ [0,p/4 − 1], the number of factors of E is
less than or equal to 3, it does not mean Onod  3, because the upper bound of trial division is
541. Once this case happened, we would return p and factor E completely.
Algorithm 1. Finding primes p such that Onod  3, for p < 109.
Begin p ← 11; while p < 109 do
begin p ← p + 4;
if p does not pass Rabin–Miller test for base a = 2,3,5,7,11,
then p is composite and do next loop on p; b ← 0
repeat E ← b(b + 1)+ (p + 1)/4;
Using trial division on E with upper bound 541; b ← b + 1
until (the number of E’s factors > 3 or b = [p/4]);
if the number of E’s factors  3 then output p.
end;
End.
Remark 11. Because Rabin–Miller test require p to be larger than the base a, and we set the
base a = 2,3,5,7,11, so we let p ← 11 in the second line of Algorithm 1. However, it can easy
to know that if p = 3,7,11, then Onod = 1. Thus it will not affect the result by ignoring these
values.
The Delphi program ran about 2 hours on my PC/Celeron 1.3G. We found that there are
25424039 primes p ≡ 3 (mod 4) in section [11,109]. Moreover the program returns following
20 values, and by further computation, we know that if p is equal to the following 20 values:
19 23 31 43 59 67 83 107 139 163
211 283 307 331 379 499 547 643 883 907
then Onod  3.
On the other hand, the class number table [3, p. 234] of imaginary quadratic number field tells
us that hd = 1 iff −d = 3, 4, 7, 8, 11, 19, 43, 67, 163; hd = 2 iff −d = 5, 6, 10, 13, 15, 22, 35,
37, 51, 58, 91, 115, 133, 187, 235, 267, 403, 467; hd = 3 iff −d = 23, 31, 59, 83, 107, 139, 211,
283, 307, 331, 379, 499, 547, 643, 883, 907.
By Theorem 1, hd = 1 ⇔ Onod = 1. We find that among the above 20 values, if p = 19, 43,
67, 163, then Onod = 1. And by Theorem 2, hd = 2 ⇔ Onod = 2. There is no value such that
Onod = 2 among the 16 remaining values. Thus if p is equal to the 16 remaining values, i.e.
p = 23, 31, 59, 83, 107, 139, 211, 283, 307, 331, 379, 499, 547, 643, 883, 907, then Onod = 3.
So we get
Proposition 12. If −d = p ≡ 3 (mod 4) < 109 is a prime, then Onod = 3 ⇔ hd = 3.
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on one hand, the speed of the searching method is slow. On the other hand, there is a Rabin–
Miller test in the searching method. If p > 232 then there will be two integers greater than 232
to multiply, as a result it will appear overflow errors. Although multi-precision packages can
eliminate the overflow errors, the speed of the program will slow a lot once we use a multi-
precision package. Therefore we should find an even faster algorithm.
4. The constructive method
Proposition 13. Let Q(
√
d ) to be an imaginary quadratic number field. If −d = p ≡
7 (mod 8) > 109, then Onod > 3.







2 (mod 8), if k ≡ 0 (mod 4);
4 (mod 8), if k ≡ 1 (mod 4);
6 (mod 8), if k ≡ 2 (mod 4);





2, if k ≡ 0 (mod 4);
3, if k ≡ 1 (mod 4);
1, if k ≡ 2 (mod 4);
0, if k ≡ 3 (mod 4),
then we can get b2 + b + p+14 ≡ 0 (mod 8).
It means that if p ≡ 7 (mod 8), then there is an integer b, such that b2 + b + p+14 = 23 · M .
Since p > 109, it follows M > 1. Therefore by the definition of Ono invariant, we have
Onod > 3. 
In similarly, we can also get
Corollary 14. Let Q(
√
d ) to be an imaginary quadratic number field, and −d = p > 109. If
p ≡ 11 (mod 12), p ≡ 11, 19 (mod 20), p ≡ 3, 19, 27 (mod 28), p ≡ 7, 19, 35, 39, 43 (mod 44)
or p ≡ 3, 23, 27, 35, 43, 51 (mod 52), then Onod > 3.
We can define A to be a set formed by the integers p in Proposition 13, and Corollary 14.
Obviously, A is a subset of Z. By Proposition 13 and Corollary 14, we know that Onod > 3 for
the elements in set A, so we only need consider the complementary set of A in Z, i.e.
p ≡ 3 (mod 8), p ≡ 3, 7 (mod 12), p ≡ 3, 7, 15 (mod 20),
p ≡ 7, 11, 15, 23 (mod 28), p ≡ 3, 11, 15, 23, 27, 31 (mod 44), and
p ≡ 7, 11, 15, 19, 31, 39, 47 (mod 52).
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a (mod 120120)
163 3763 5923 6043 8803 12643 13843 14683 15163
15283 16963 17803 19363 22003 23083 23563 24403 24523
26203 27883 29803 32323 33763 34483 35443 36523 37123
40363 40723 41563 44683 46363 49603 49723 51283 51643
52123 54763 55603 56323 57523 58843 58963 60523 61483
62203 66763 68083 68203 68443 69283 69763 71443 72403
73483 76003 77443 77683 79003 79363 80683 82483 83323
84043 85243 86923 88603 89083 89923 91723 93283 95803
96163 97843 98443 100963 101203 102523 105163 106243 106723
107083 109363 110203 110443 111763 112963 116803 117643 119683
67 1747 2347 4867 5107 6427 9067 10147 10627
10987 13267 14107 14347 15667 16867 20707 21547 23587
24187 27787 29947 30067 32827 36667 37867 38707 39187
39307 40987 41827 43387 46027 47107 47587 48427 48547
50227 51907 53827 56347 57787 58507 59467 60547 61147
64387 64747 65587 68707 70387 73627 73747 75307 75667
76147 78787 79627 80347 81547 82867 82987 84547 85507
86227 90787 92107 92227 92467 93307 93787 95467 96427
97507 100027 101467 101707 103027 103387 104707 106507 107347
108067 109267 110947 112627 113107 113947 115747 117307 119827
Since the conjecture requires p to be primes, but if p ≡ 3 (mod 12), p ≡ 15 (mod 20), p ≡ 7
(mod 28), p ≡ 11 (mod 44), then p are composites. So we can also exclude these integers. Thus
by the Chinese Remainder Theorem, we can get p ≡ a (mod 120120), where a are the values
in Table 1. In Table 1, there are 180 numbers modulo 120120, and these numbers are either
congruent to 43 or 67 modulo 120.
In fact, Proposition 13 tells us that given a prime q , if p satisfies certain conditions, then there
is an integer b in [0,p/4−1], such that b2 +b+ p−14 ≡ 0 (mod q3). Conversely, if given p, what
conditions should q satisfies, so there is an integer b in [0,p/4 − 1], such that b2 + b+ p−14 ≡ 0
(mod q3)? We will answer this question by Proposition 15.
Proposition 15. Let Q(
√
d ) to be an imaginary quadratic number field, and −d is a prime p ≡ 3
(mod 4). If there is an odd prime q  3
√
p
4 − 1 such that (−pq ) = 1, then Onod > 3.
Proof. If there is an odd prime q such that (−p
q
) = 1, then x2 ≡ −p (mod q) has solutions x0.
Let 2b+1 ≡ x0 (mod q). Since gcd(2, q) = 1, it follows the congruence 2b+1 ≡ x0 (mod q) has
solution b0. This means that if (−pq ) = 1, then there is an integer b0 such that q | (2b0 + 1)2 +p.
On the other hand, since p ≡ 3 (mod 4) and (2b0 +1)2 ≡ 1 (mod 4), it follows 4 | (2b0 +1)2 +p.
Therefore q | (2b0+1)2+p4 = N(b0 +ωd). Then by Lemma 7, a = [q, b0 +ωd ] is an ideal, and by
the definition, we can know that a is a primitive ideal.
Since N(b0 + 1 − ωd) = (2b0+1)2+p4 , it follows that q divides N(b0 + 1 − ωd). Thus a′ =[q, b0 + 1 − ωd ] is also an ideal. Moreover, qOK = [q, b0 + ωd ][q, b0 + 1 − ωd ] for the reason
that gcd(q,2b0 + 1) = 1. It implies a is unramified over Q.
Then by Lemma 9, a3 is also a primitive ideal. Moreover a3 has the form such as [q3, b3 +ωd ]
in view of Lemma 10, where b3 < q3. Once a3 = [q3, b3 + ωd ] is an ideal, q3 | N(b3 + ωd) =
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= b23 + b3 + 1+p4 . So by the definition of Ono invariants,
we can get Onod > 3. 
Example 16. Let −d = 101203, we can find q = 17 < 3
√
−d
4 − 1 ≈ 29, such that (−10120317 ) = 1.
Then there is an integer b = 3, such that a = [17,3+ωd ] = (17,3+ωd) is a primitive ideal. Thus
by Lemmas 10 and 6, a3 = (173,−80089319477 + ωd) = [173,4066 + ωd ]. Since N(4066 +
ωd) = 40662 + 4066 + (p + 1)/4 = 16561723 = 173 · 3371, it follows that Onod > 3.
Corollary 17. Let Q(
√
d ) be an imaginary quadratic field, and −d = p ≡ 3 (mod 4) is a prime.
If there is an odd prime q  4
√
p
4 − 1 such that (−pq ) = 1, then Onod > 4.
Therefore the key is to find odd prime q  3
√
p
4 − 1, such that (−pq ) = 1. Thus we have
Algorithm 2. Finding primes p such that Onod  3, for 109 <p < 2.5 × 1013.
Begin for every number p0 in Table 1 do
begin p ← ([109/120120] − 1)× 120120 + p0; while p < 2.5 × 1013 do
Begin p ← p + 120120; q ← 13;
//Table 1 has excluded q  13
repeat q ← next prime great than q;
r ← p (mod q);
until (r = 0 or ( q−r
q
) = 1 or (q > 3
√
p
4 − 1 ));
if q > 3
√
p




This constructive method is faster than the searching method mentioned before. To begin with,
Algorithm 2 need not test prime on p, but Algorithm 1 needs five times Miller test to determine
whether p is prime or not. And the time of each Miller test is O(log3 p). Moreover, in the worst
cases, Algorithm 1 needs p4 −1 times loop, but Algorithm 2 only needs π( 3
√
p







times loop. Finally, in each loop of Algorithm 1, it uses trial division to factor E, which slows
the speed to a great extent. After running these two algorithms on [1×109,2×109], we find that
it needs 2 hours 18 minutes and 9 seconds by the searching method, but the constructive method
needs only 2 seconds. So it implies that the constructive method is about 4145 times as fast as
the searching method. However, we find that if p is small, then the upper bound 3
√
p
4 − 1 of q is
smaller. Thus the q satisfying with (−p
q
) = 1 can probably not be found. Therefore, we start the
program from 109, and this is also the reason why we retain the searching method.
The Delphi program ran about 20 hours 36 minutes on our PC/Celeron 1.3G. We find that
there are 3419 primes p whose least prime quadratic residues greater than 5
√
p
4 − 1 (see Table 2),
but their least prime quadratic residues less than 4
√
p − 1. So, by Corollary 17, there is no prime4
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p q p q p q p q
1166965963 53 1246845763 53 2211409363 59 2313871723 59
2464502203 79 2707144603 89 3411648403 67 6595789363 71
7181734723 79 92014322563 131 1034357083 59 1089612283 53
1109792443 59 1312795243 67 1340663083 53 1371894283 53
1618380523 61 1716878923 79 1778140123 59 2011052803 59
2149911523 61 2349911323 61 2373935323 59 2454055363 61
2472073363 59 2541502723 61 2823184123 61 2827988923 59
3297057523 61 3351712123 67 3691771843 73 4240480003 71
4522161403 73 4585344523 73 4681320403 67 1003728643 53
1033278163 79 1050455323 53 1179344083 61 1183067803 53
1195440163 59 1207692403 53 1223428123 59 1394839363 53
1397602123 59 1449974443 79 1921805803 59 1933937923 67
· · · · · · · · · · · · · · · · · · · · · · · ·
1613929507 53 1664500027 53 1723839307 61 1863058387 59
1981616827 59 2202277267 61 2226781747 59 2482997707 61
2667261787 61 4245638587 67 4795668067 71 6774284707 71
13592055667 89 1089488107 61 1252971427 53 1266544987 59
1351950307 59 1631709787 53 1928165947 71 2014892587 61
2042640307 61 2326003387 59 2333210587 67 2459696947 61
3142098667 61 3508704907 71 4614169267 83 5254528987 67
p ≡ 3 (mod 4) in [109,2.5 × 1013] such that Onod  4. It follows that there is no prime p ≡
3 (mod 4) in [109,2.5 × 1013] such that Onod = 3. On the other hand, by the class number table
of imaginary quadratic field, we know that max{−d | hd = 3} = 907, so we get
Proposition 18. If −d = p ≡ 3 (mod 4) ∈ [109,2.5×1013] is a prime, then Onod = 3 ⇔ hd = 3.
5. Main theorem and the proof
Given a number field K , a Galois extension field E, prime ideals p of K and P of E unram-
ified over p, there exists a unique element σ = ( P
E/K
) of the Galois group Gal(E/K) such that
for every element α of E,
σ(α) ≡ αN(p) (mod P),
where N(p) is the norm of the prime ideal p in K . The symbol ( P
E/K
) is called an Artin symbol.
If E is an Abelian extension of K , the Artin symbol ( P
E/K
) depends only on the prime ideal p of
K lying under P, so it may be written as ( p
E/K
). In this case, the Artin symbol can be generalized
as follows. Let a be an ideal of K with prime factorization a =∏ri=1 peii . Then the Artin symbol
( a
E/K
) is defined by ( a
E/K
) =∏ri=1( pE/K )ei .
Theorem 19 (ERH). (See [2].) Let E/K be a Galois extension of number fields, with E 
= Q. Let
Δd denote the value of E’s discriminant. Let n denote the degree of E. Let σ ∈ G, the Galois
group of E/K . Then there is a prime ideal p of K with ( p
E/K
) = σ , of degree one, satisfying
N(p)
(
4 log |Δd | + 2.5n+ 5
)2
.
270 H. Gu et al. / Journal of Number Theory 127 (2007) 262–271From then on, we will consider K to be an imaginary quadratic field Q(
√
d ).
Lemma 20. (See [4].) Let Onod = m. Let p be a prime ideal of OK of degree one and not dividing






Theorem 21 (ERH). hd = 3 ⇔ Onod = 3 and −d = p ≡ 3 (mod 4) is a prime.
Proof. (⇒) Corollary 4 says that hd = 3 ⇒ Onod = 3 for all negative integers d .
(⇐) Combining Proposition 12 with Proposition 18, we can get that the conjecture is true for
|Δd | 2.5 × 1013.
Now let us consider |Δd | > 2.5 × 1013. Since d ≡ 1 (mod 4), it follows that Δd = d . The
class number table [3, p. 234] of imaginary quadratic number field shows that hd 
= 3 for |Δd | >
2.5 × 1013, so it remains for us to prove Onod 
= 3 for |Δd | > 2.5 × 1013.
Suppose Onod = 3. In view of Lemma 20, we can know that for all prime ideals p ∈ OK with
degree one and not divide Δd ,
N(p) 3
√
1 + |Δd |
4
. (1)
On the other hand, by Theorem 19, there is a prime ideal with degree one, such that
N(p)
(
4 log |Δd | + 10
)2 (2)
assuming extended Riemann Hypothesis.
Define f (x) = 6
√
1+x
4 − (4 logx + 10) for x > 1. Let f ′(x) = 124 6
√
( x+14 )−5 − 4x > 0. Solving
the inequality, we get x > 7.645 × 108. It means that f (x) is an increasing function for x >




(4 logx + 10)2 for x > 2.5 × 1013.
It leads that inequality (1) contradicts with inequality (2). This implies that if |Δd | > 2.5 ×
1013 then Onod 
= 3 assuming extended Riemann Hypothesis. 
Therefore we proved the conjecture raised by J. Cohen and J. Sonn assuming extended Rie-
mann Hypothesis.
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